HYPERGEOMETRIC PERIODS FOR A TAME POLYNOMIAL 

CLAUDE SABBAH 

Abstract. We analyse the Gauss-Manin system of differential equations — and its Fourier 
transform — attached to regular functions satisfying a tameness assupmption on a smooth affine 
variety over C (e.g. tame polynomials on C""*"^). We give a solution to the Birkhoff problem 
and prove Hodge-type results analogous to those existing for germs of isolated hypersurface 
singularities. 
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Introduction 

Let / : C"^^ — > C be a nonconstant polynomial function. The hypergeometric periods 
associated with this polynomial are the integrals 



where uj is an algebraic {n + l)-form and 7 an + l)-cycle with coefficients in a suitable 
local system. In |Q A. N. Varchenko gave a formula for the determinant of a period matrix 



made with such integrals for some specific polynomials: this determinant is expressed as a 
product of terms of the form T{s + (3) where (3 varies in the spectrum of the polynomial (for 
these polynomials, there exists only one critical point and the spectrum is the spectrum of this 
singularity in the sense of |?^); moreover, in this situation, the choice of the forms uj is quite 



natural. 

In 0, A. Douai considered a spectrum for convenient nondegenerate polynomials (in terms 
of the Newton ffitration) and conjectured that there should exist a basis of forms uo so that the 
same formula holds (up to periodic functions in s) for the determinant of the period matrix. 
He proved this conjecture for some special cases. 

The appearance of a product of F factors is explained by the fact that such a determinant 
(whatever the choice of the forms uj or the cycles 7 can be) is a solution of a system of linear 
finite difference equations and one expects (if it is nonzero) that it is expressed (up to a periodic 
function in s) as a product of T{s+j3) where /3 is a logarithm of an eigenvalue of the monodromy 
of / at infinity ||l3l (we assume here that the monodromy around is trivial, see below). 



Changing the forms will change the /3's by an integer. 

The problem addressed in this paper consists in finding a natural choice of such logarithms, 
called the spectrum, and in showing that there exists a family of differential forms such that 
the previously aluded results still hold. We will assume that the polynomial is tame (cohomo- 
logically tame will be enough, see §P), i.e. that, for some compactification of /, no modification 
of the topology (or the cohomology) of the fibres comes from infinity. 

For a cohomologically tame polynomial, there are two possible ways of defining a spectrum. 

The first one uses the Jacobian quotient C[a;o, ■ • ■ , Xr^/{d^^f, . . . , d^^f) as Varchenko does 
for isolated hypersurfaces singularities (refered to as the local case below). One should moreover 
use a filtration which measures an asymptotic behaviour, as in the local case. In the convenient 
nondegenerate case, Douai uses the Newton filtration. It turns out that, in general, one should 
use the filtration measuring the asymptotic behaviour of integrals uje~'^^ where 5 is a Lefschetz 
thimble (see [^) and uj as above, when r — >• (and not when r ^ cxd as is usually done in the 
stationary phase method). 
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This can be translated into more algebraic terms. Let M be the Gauss-Manin system of the 
polynomial /: this is a (regular holonomic) module on the Weyl algebra C[t]{dt), which associ- 
ated local system (outside the critical values of /) is the one made by the spaces H"-{f~^(t), C). 
The Brieskorn lattice Mq is a free C[t]-module inside M defined as in the local situation (see 
e.g. ll^). It turns out that dt acts in a one-to-one way on M and that Mq is stable under 
d^^ (as in the local case). The role of microlocalization in the local case is now played by the 



Fourier-Laplace transform (see however |jT6[ for a direct interpretation of the microlocalization 
in terms of Fourier transform in the local case). 

Let G be the module M when viewed as a C[r] (9r)-module, with t = dt and dr = —t. 
This is a holonomic module on the affine line with coordinate r, which has singularities at 
r = and r = oo only, the former being regular, but not the latter in general (see e.g. |]l8|). 
Consider the coordinate 9 = = d^^ at infinity on the affine line A^. Then Mq is also a free 
C[6']-module (with an action of t), and we denote it Gq. The fibre at 6* = of this module {i.e. 
Gq/OGq) is identified with the Jacobian quotient, up to the choice of a volume form. We are 
interested in asymptotic expansions of sections of Gq when r 0. More precisely we consider 
the Malgrange-Kashiwara filtration V.G at r = and the spectrum corresponds to the jump 
indices of this filtration, when induced on the Jacobian quotient. 

Once such a definition is given (it coincides with the one given by Douai in the convenient 



nondegenerate case, see §|T2|), it remains to show the existence of good differential forms. We 
argue in two steps. 

The hypergeometric determinant is closely related to the determinant of the Aomoto complex 



13 



^ c(s) ®^]°[l//] ^ c(s) ®f^"+^[i//] ^ 

c c 



where 17*^ [1//] denotes the space of rational fc-forms on C""*"^ with poles along / = and dg is 
the twisted differential dg = -d - f^. The {n + l)th cohomology group of this complex (which 
is also the only possible nonzero one, thanks to tameness) is equal to the Mellin transform of 
the Gauss-Manin system M. It is also equal to the Mellin transform of the Fourier transform 
of M. When is not a critical value for /, a good family of differential forms will be obtained 
from a good basis of the Brieskorn lattice Gq. 

This notion of a good basis has been introduced in the local case by M. Saito in order 
to show the existence of primitive forms conjectured by K. Saito. We give the straightforward 
adaptation to our situation, so that the main question which remains is the existence of such 
a good basis. M. Saito also gave a criterion for the existence of such a basis: the filtration 
induced by Gk = t'^Gq on the nearby cycles of G at r = should be the Hodge filtration of 
a mixed Hodge structure, the weight filtration of which should be decreased by two under the 
action of the nilpotent part of the monodromy of G. 
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This leads to the second possible definition of the spectrum: J. Steenbrink and S. Zucker 
0| constructed a limit mixed Hodge structure on the cohomology H"'{f~^{t), C) when t ^ oo 



(this construction is also given by F. El Zein p[ and M. Saito in I^Sj), and using the procedure 
defined by J. Steenbrink in one defines a spectrum, called the spectrum at infinity of the 
polynomial /. However it has no a priori direct link with the spectrum of the Brieskorn lattice. 



The main result of |^ consists in showing the existence of a natural mixed Hodge structure 
on the vanishing cycles at r = of the Fourier transform G isomorphic to the mixed Hodge 
structure above. In particular both give the same spectrum. 

In part II of the present paper we show that the filtration given by the Brieskorn lattice 



coincides with the Hodge filtration constructed in p9[, when the polynomial is cohomologically 



tame. The ideas are very similar to the one of A. N. Varchenko in the local case (see also 



25| , |]37| , ||34|| ). In particular we show that the spectrum at infinity and the spectrum of the 
Brieskorn lattice coincide (up to a shift for the eigenvalue 1 of the monodromy), and this gives 
the existence of good bases, thanks to the criterion of M. Saito. 

It should be noticed, as a consequence of the existence of such bases, that the Riemann- 
Hilbert-Birkhoff problem {i.e. the existence of a Birkhoff normal form) can be solved for the 
Brieskorn lattice: it is possible to find a trivial bundle on the projective line associated with 
A^, which is contained in G, which restricts to Gq in the chart r 7^ and which restricts to a 
logarithmic connection with pole at r = on A^. 

Part I gives sufficient conditions (propositions |5.2| and |5.6| , following M. Saito) to solve the 
Birkhoff problem for some germs of irregular meromorphic connections in one variable, and 
makes the link with Mellin transform. 

Part II is concerned with applications (see § 13) to the Gauss-Manin system of a cohomolog- 



ically tame polynomial on C"^^: to prove the existence of a good basis for this meromorphic 
connection, we apply a criterion of M. Saito (see §|6.4|); in order to do so, we need to establish 
Hodge properties for this system, and for this we use the results of [^. In fact it should be 
emphasized that all the results of part II are given for a regular function f : U A^ on an affine 
manifold, this function satisfying a tameness assumption at infinity on U. The only difference 
with the case U = A""*"^ is that dt is not necessarily bijective on M, so one has to distinguish 
between Mq and Gq. In particular, we solve the Birkhoff problem for Go and find a good basis 
for Go, but this is not directly translated as properties on Mq. 

We refer to the appendix of for the notation which is not defined in the main course, in 



particular for the conventions made concerning perverse functors. 
We thank A. Douai, R. Garcia and F. Loeser for useful discussions. 



Part 1. Good basis of a meromorphic connection with a lattice 
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1. Spectrum of a meromorphic connection with a lattice 

We shall denote Uq = SpecC[r] and Uoo = SpecC[^^] the two standard charts of P^(C), where 
e = 1/r on Uo n f/oo- We shall denote = {r = 0} and oo = {0 = 0}. 

Let G be a meromorphic connection on P^, with singularities at and oo only, the singularity 
at being regular (but not necessarily the one at infinity). Then G is a free C[r, r^^]-module 
of finite rank /i, equipped with a derivation dr which makes it a left C[r, r~^](9,-)-module. In 
the following, we shall identify C[r, r"-*^] with C[6,6^^] hy 6 = 1/r. 

Lattices. A lattice of G is a free C[6']-submodule Go of G such that C[6,6^^] ®c[6»] Go = G. 
Such a lattice Gq has then rank fi over C[6]. We will say that the lattice Go has type 1 at 
infinity if moreover Gq is stable under the action of the operator t := O'^de. 

In this paper, all lattices considered will have type 1 at infinity, so we will simply call them 
lattices. We shall denote Gk = 0~^Gq, in order to obtain an increasing filtration of G by lattices. 

Malgrange-Kashiwara filtration of G at 0. Consider the connection G on U^. It is known 
that it is a holonomic C[r](c}T-)-module. Its only singular point is 0. In order to simplify the 
argument, we shall assume in the following that the monodromy of DR^"G on Uq — {0} is 
quasi-unipotent. In fact, we shall only apply what follows to this situation. 

We shall now use in this simple situation the properties of the Malgrange-Kashiwara filtration 
(see e.q. 



21, 32|, or [^, §6] for the one dimensional case) that we briefiy recall. Let 
V,'C[T\{dr) be the increasing filtration of C[r](9^) defined by 

r_fcC[r](9,) = r^'C[r](r9,) for A; > 

VuC[T]{dr) = Vk-lC[T]{Tdr) + drVk-l€-\T]{Tdr) ioi k > I. 

There exists a unique increasing exhaustive filtration V.G of G, indexed by the union of a 
finite number of subsets a + Z C Q, satisfying the following properties: 

(1) For every a, the filtration V^+zG is good relatively to V.C[r](c}^); 

(2) For every /5 G Q, r^^ + /5 is nilpotent on gr^ G := VpG/V^nG. 

By assumption, each VgG is a finite type module over C[r](r(9^). Because r is invertible on 
G the map induced by r 

T-.VpG-^ Vp-iG 
is bijective. Consequently we have for every /3 G Q 
(1.1) C[r,r-^] ® VpG = G. 

C[r] 

Let G^° = C{r} ®c[r] G and VG^"" be the Malgrange-Kashiwara filtration of G^'^ at 0. By 
uniqueness it satisfies 

VpG^^ = C{t} ®c[r]VfsG 
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Because G is regular at 0, there exists an isomorphism of C{r}[r^^]-connections 



:i.2) 



-1 an 



G' 



which induces identity after graduation by the corresponding filtrations V (see e.g. [[iq , 
Prop. II. 1.4] or also [pSj Lemma 6.2.6]). 

Lemma 1.3. For every P E Q, VpG is a free C[T]-module of rank /i and defines a logarithmic 
connection with pole at on Uq. 

Proof. As VpG has no C[r]-torsion, it is enough to prove that VpG has finite type over C[r]. 
This follows from the following two facts. 

• The localization C[r, r^-*^] ® VgG has finite type over C[r, r~^]: this is due to ( |1.1| ). 

C[r] 

• The localization C[r](Q-) (S>c[t] VgG has finite type over C[r](-Q-): using faithful flatness of C{r} 
over C[r]|.Q^ it is enough to consider the analytic localization, for which the assertion follows 
from the remark above, because G is regular at and because it is clearly true for a V-graded 
module. □ 

The vector bundles S/3,A;- Let us fix /3 G Q and A; G Z. The locally free sheaf S/3,fe is obtained 
by glueing VgG on Uq and Gk on Uoo using the isomorphisms on Uq fl Uoo 

C[t,t'^] ^ VpG = G = C[e,0-^] ® Gk. 

c[t] c[e] 

The following is easy to prove. 
Lemma 1.4. 

(1) We have S/3,fc®C'(^) — 9i3+e,k — 9i3,k+e andH^{¥^, S/3,A:) = VpG^Gk where the intersection 
is taken in G. The isomorphism if°(P^, S/3,fc) — -f^°(P^, S/3+fc,o) given by 

= r-^ : VpG nGk^ Vfs+kG n Go. 

(2) For every /3 G Q and A; G Z, VgG (1 Gk is a finite dimensional vector space. For a fixed 
P and for k we have VpG fl = and for Q we have Gk = VpG (iGk + Gk-i. 

□ 

In the following we will denote dp := S/3,o- 
The spectral polynomial and the spectrum. For /5 G Q, let 

Up = dim VpG n Gq/ {Vp n G_i + v^^ n Go) . 

The set of pairs z/^} for which z/^ 7^ is called the spectrum of (G, Go). The spectral 
polynomial of (G, Gq) is 

SP^(G,Go;S) := n('^ + ^)''- 
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If we put Sfj = dim VpG CiGq, we have 

(1.5) = (5/3 - 5/3-l) - (5</3 - (5</3-l)- 

In fact VflG induces a filtration on Gq/G-i, namely 

Vp{Go/G^^) := VpGnGo/VpGnG^u 

the dimension of which is 6/3 — Sp^i, and is the dimension of the /?th graded piece. Hence 
the datum of the ^/j's is equivalent to the datum of the z/^'s. 

Lemma 1.6. The degree of the spectral polynomial is equal to fi. 

Proof. Because we know that dimGo/C-i = /^) it is enough to show that 

for /5 < 



Vf,iGo/G. 



1 



Go/G_i for/3>0 

which follows from lemma 11. 4J. □ 



Because G is regular at 0, the characteristic polynomial of the monodromy Tq of the local 
system DK^'^G on Uq is nae[o.i[(^ ~ exp 2i7ia)^°' with = dimcgr^G (this follows from [|T|, 
Prop. II. 1.4]). Grading by G, we hence get 

Proposition 1.7. Let Ylf^iS + /3Y'^ be the spectral polynomial of {G,Gq). Then the polynomial 
Ylp{T — exp 2^77/5) '^'3 is the characteristic polynomial of the monodromy Tq o/?/'t-DR™G. □ 

2. How TO OBTAIN A LATTICE BY FOURIER TRANSFORM 

Let M be a regular holonomic C[t]((9f) -module (regularity at infinity is also assumed and, in 
fact, only regularity at infinity will be useful in prop.pTT|) and put M[c?f~^] := C[dt, d^'^] ®c[q^] M. 
It is also regular holonomic and moreover the (left) action of dt on M[d^^] is bijective, i.e. one 
can "integrate in a unique way" all elements of M[d^'^]. 

We denote M the Fourier transform of M: it is equal to M as a C-vector space, and is 
equipped with a left action of C[T]{dr), where r acts like dt and as —t (see e.g. ||T8|). 



Let G be the Fourier transform of M[d^^]. Then G = M[t~^] satisfies the assumptions made 
at the beginning of section |l[ We will put as above 9 = = d^^ and will view G as a 
C[^, ^~^]-module with an action of t = O^Oq. 

We shall now show how to construct a lattice starting with a C[)f:]-module inside M. This 
will give a Fourier correspondence at the level of lattices. 

Proposition 2.1. Let M he a regular holonomic C[t]{dt) -module (regularity at infinity would 
be enough) and let Mq be a finite type C[t]-submodule of M. Let Mg be the image of Mq in 
M[dr^] by the natural morphzsm M M[dr^]. Let Gq := Ei>o ^t~'^o = ■ M,^ be the 
C[9]-module generated by Mq. Then 
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(1) Go has finite type over C[6']; 

(2) if Mq generates M over C[t]((9t), then Gq is a lattice in G = M[d^^]. 

Proof. Let us begin by (1). First, consider the case M = C[t]{dt) / (P) where P = J2t=o ^t^ii'^) ^ 
with ttj e C[t], ^ and (regularity at infinity) dega^ < dega^ for i < d. The image (7 of 1 in 
M[d^^] thus satisfies d^'^P ■ g = 0, which can be written, putting 6 = d^^ , Yl!k=o ^k{0)t^ " fi' = 0, 
where n = dega^, and with bi G C[^] and is a nonzero constant (the leading coefficient of 
ad). Hence the property is true for the C[t]-module Mq generated by 1. 

Next, remark that if the property is true for some Mq generating M, it is true for any Mq: 
one uses the fact that 

C[^^] • (M^ + 9iM^) = Go + r^Go = 9-'Go. 

Hence, (1) is true for M as above. Any M comes in an exact sequence of C[t] -modules 

— >K — > C[t]{dt)/{P) — > M — >0 

with P as above and K a C[t]-torsion module: indeed, any holonomic M is cyclic, so isomorphic 
to C[t]{dt) / 1 , for some left ideal /; take for P an element of / which has minimal degree with 
respect to dt- The result being easy for torsion modules, it is then true for any M. 

(2) is proved using the formula 

C[^^] ■ (M^ + ■ ■ ■ + 9f M^) = e-'^Go. 

□ 



Remark 2.2. For Mq generating M, we have C{t) (8>c[(] Mq = C(t) ^a^it] ^ (and these are finite 
dimensional C(t)-vector spaces). 

Notice also that, if M = M[(9j~^], the dimension of this vector space is equal to the rank of 
G as a C[r, r^^]-module: the rank of G is equal to the sum of dimensions of vanishing cycles 
of PDR'^^M (see e.g. g. Cor. 8.3]); this is equal to the generic rank of ^DR'^'M thanks to the 
fact that J/^(A\PDR^''(M)) = for all j (this follows from the fact that 9t : M ^ M is an 
isomorphism and from the comparison theorem for M, which is regular holonomic). 



Fourier transform and formal microlocalization. We will adapt below the results of 
§ 5] to any regular holonomic C[)f:](9()-module M. In loc. ait. they are proved in the case where 
M has only one singular point in A^, and this one is even not assumed to be regular (but the one 
at infinity is so); moreover the result is proved in a Gevrey context, not only in the formal one 
below, which will be enough for our purpose. Proposition |2.3| below is certainly "well known 
to specialists" , but does not seem to exist in such a form in the literature. 

Denote as above 9 = and let = C [d\ [Q-'^] be the ring of formal Laurent series in 0. 
Put t = e^de and identifiy K (g)^.^^^ C[t]{dt) with K{dg). 
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Let Sj^ii^n be the sheaf of formal microdifferential operators on T*^''^'^ \ zero section. We will 
consider it as a sheaf on A^^"^ by restricting it to the section image((it). A local section of i^^ian 
is a formal Laurent series Yli>io '^i(^)^* where are holomorphic functions defined on a fixed 
open set. We denote as usual £^^^{0) the subring of sections of S^i^^ with no pole at 6^ = 0. 

Let M be a C[t] (9i)-module and put G = M[d^^] viewed as a C[r] ((9T-)-module, or as C[9] {dg)- 
module. Put also Ai = Oj^i^n ^ ^ ~ ®v ^ be its formal microlocal- 

ization. As a sheaf on A^^"^, it is supported on the singular set of M, since ^A" = when A4 
is C^ian-locally free. At a singular point c, the action of t on the germ A^*^ can be written as 
e^^^{t — c)e~^^^ if £c is viewed as a subring of C{t — c} {OJ. 

Let Mo be a finite type C[t]-submodule of M generating M over C[t]{dt) and put Aio = 
C^ian ®c[t] Then TWq := image [£{0) ®c) -Mo ~^ ■^^] is a lattice in A^''. From the prepara- 
tion theorem for £^(0)-modules (see e.g. loc. cit.) follows that the germ A^qc each singular 
point c of AIq is a free C |6']-module and that Ai*^ = K ^^^^g^ -^o.c a finite i^'-vector space 
with an action of dg. 

On the other hand, let Gq be as above and denote Gq = C {OJ ^o- As Gq is stable 
by t = O^de, it follows from the method of the Turrittin theorem on the splitting of formal 
connections (see e.g. |]18|, Chap. Ill]) that the pair (G , Gq) splits as a direct sum indexed by 
the singular points of M: 

(G",G;) ^ ©(G>e-'=/^G;,,®e-^/^) 

c 

where each G^ is a regular i^'-connection and Gq^ is a lattice in it; moreover, ®e~'^l^ denotes 
the twist of the de (or the d'^do) action. 

Proposition 2.3. The composed C \Q\-linear map 

G^ ■.= K ® M — > r ( Ai^'\ K ® m] — ^ r (Al^^ Al") 

c[e-i] V ^[dt] J 

is an isomorphism compatible with the action oft, which identifies Gq with V (A^^"^, AIq). 
Proof. Remark first that 

K ® M = K (c[9,9-^] ® m)=K ® G = C[^]®G. 

c[e-i] c[e,6i-i] V c[e-i] / c[e,e-^ c[e] 

It is known that G" and F (A^^^^, Al") are i^-vector spaces of the same dimension, namely the 
sum of dimensions of vanishing cycles of DR'^'^(A^) at its singularities (see remark p.2| above). 
Moreover, the map is clearly compatible with the action of t. Last, the map clearly sends 
Gq into F(A^'^'^, AIq). As there is no nonzero morphism compatible with the t action between 
G^ e^'^/^ and Al*^, for c ^ c', it is enough to show that for each c the map Gq AIq ^ is onto, 
or, equivalently, due to Nakayama's lemma, that Gq — > Alo,c/^-^o,c onto. 
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Remark that, since AIq.c — ®c[t] there exists mi, . . . , G Mq such that any m e 
A^oc ca'^ be written YliVi'^i with i^j G Oc- There exists (i G N and adif) G C[t] such that 
dfttdit) ■ rrii G Ylk=i '^t'^^o for alH = 1, . . . ,p. If n is the order of vanishing of at c, we 
conclude that (t — c)"! ® mj G ^ for all 2. As we have m = m' + (t — c)" ^ V^j^j with 
m' G Mq and t/'j G Oc, we conclude that 1 ® m = 1 C>?> m' mod ^TVIq -^o- '-' 

3. Spectrum and duality 

The free module G* := Homcj^ ^— i] (G, C[r, r~^]) is naturally equipped with a structure of a 
meromorphic connection: put, for (/? G G*, 

(3.1) (9.^)(^?) = 9.(^((7))-y.(9.^?). 

Lemma 3.2. For /3 G Q, we /iave = Homc[^](\/<_/3+iG, C[r]). 

Proof. Put V/jG* = Homc[r](V<-/3+iG, C[r]). This is a free C[r]-module of rank yU naturally 
contained in G* and stable under the action of rdr- Moreover we have r^VpG* = V^.^G*. 
Let N such that for all 5, {rd^ + 5)^VsG C V^sG. Let (f G V^G*. We will now show that 
[rdr + 13)^ V G V<^G* = Homc[^](V'_/3+iG, C[r]). Remark that for g G 1/_/3+iG' we have 

[{Tdr + m{9) = dMrg)-^{iTd^-P + i)g) 

and dr'^{Tg) G C[r] since r(7 G V^jsG C y<_/3_|_iG. By induction we see that 

[{rd^+Prv]{g) = h+i-ir^iird^-P + lfg) 

with h G C[r]. The assertion follows from the fact that [rdr — (3 + 1)^(7 G l^<_^_|_iG. 

Let us verify that the filtration V.G* is good relatively to KC[r](c?T-). We have to verify that 
for each /3 we have 'V^_,_;,G* = 9^'V^_|_^_]^G* + V^_^^_]^G* for all k > ko. This is equivalent to 

and is true as soon as/3 + fc — l>Oasa consequence of the previous result. 

Now V.G* satisfies all the characteristic properties of the Malgrange-Kashiwara filtration 
V.G*, hence is equal to it. □ 

If Go is a lattice in G, then Gg := Homc[e](Go, C[0]) can be identified with the set of G G* 
verifying ip{Go) C C[^] or also ip{Gk) C 9-''C[9] C C[^, 0-^] for all A; G Z. It follows easily from 
( |3.1| ) that Gg is a lattice in G*. From the previous lemma we conclude that is equal to the 
locally free sheaf dual to S<-f3+i- 

Proposition 3.3. IfYl/s^qiS + lSy^'' is the spectral polynomial of {G,Gq), then the polynomial 
Ylpeoi'^ — PY''^ is the one of (G*, Gg); in other words we have upiG* , Gg) = u_n{G, Go). 
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Proof. Let us keep notation as above. Serre duality and the fact that = (S<_^+i)* show 
that 

h\¥\ g<_,+i) = h\¥\ g;_2) and h\¥\ g_,+o = h\¥\ g^^_2) 

Conclude by considering the exact sequences 

^ H%F\ g<_,) ^ iJ°(P\ 9-,) ^ gr^^ G ^ H\F\ 9<-,) ^ H\¥\ 9-,) ^ 
for 7 = /3 + 1, /3 and the fact that dinigr^;^^ G = dimgr^^_j^ G. □ 

Corollary 3.4. // t/iere exists an isomorphism G* G inducing Gq ~ G^, for some w G Z, 
then the spectrum of {G, Gq) is symmetric relatively to w/2, i.e. vp = Uw-^p for all /3 G Q. □ 

Remark 3.5. Consider the involution C[T]{dr) —* C[r](c}^) given by r — r, dr ^— > —dr 
and denote G the module G where the action of operators is composed with this involution. 
Because the action of rdr is unchanged, we have VaG = V^G. Moreover, if Gq is a lattice in 
G, then Gq, which is equal to Gq on which 6 acts as —6 and t as —t, is also a lattice in G. In 
particular the spectrum of (G, Gq) is equal to the one of {G, Gq) . If we have an isomorphism 
(G*, Gq) (G, Gw), we can apply corollary | 



Remark 3.6. Proposition p.3| can also be obtained in the following more concrete way. From 
lemma p72| we deduce that the natural pairing VgG* x V_pj^^G — > C[r, r~^] has image in r~^C[r] 



and the pairing with values in C obtained by composing the previous one with the residue at 
r = induces a perfect pairing gr^ G* x G ^ C. 

If for any A; G Z we denote G^ = t^Gq, we get in the same way an isomorphism 

grf grjG* ~ Homc(gr?fc_igr!;^^iG,C) 

which implies O. We will have to use this isomorphism for /3 = a G ]0, 1[, so that —a + 1 is 



also in ]0, 1[; for /5 = we will use the composition of this isomorphism by multiplication by r 
to get 

grf gr^G* ~ Homc(gr^;^grJ'G,C). 

Behaviour with respect to tensor product. The following property is useful in order to 
prove a Thom-Sebastiani type theorem for the spectrum. Let (G', G'q) and (G", Gq) be as in 
section |l] and put G = G' G" . Then G is regular at r = and Go := Gq Gq is a 

lattice in it. 

Proposition 3.7. Assume that we are given isomorphisms 



(G'*, G'l) — (G', G'^,) and {G"\ G"l) (G", G^,) 



12 



CLAUDE SABBAH 



for some w', w" G Z. Then the spectrum of {G, Gq) is given by 

MG,Go) = Yl ^/3'(G',G[,)z/^„(G",G[;). 

/3'+/3"=/3 

Proof. The proof follows the one of [^] or Remark first that we have an isomorphism 



{G*, Gq) — > {G, Gu,) with w = w' + w" by taking the tensor product of the one for G' and the 
one for G", as G'^, G'^„ = G^. As G', G", G are regular at r = we have (by first twisting 
with C{r} and using the structure of regular connections) 



© (g4G'(»gT%,G"). 

/3'e[o,i[ V c ^ / 



Consider on the LHS the filtration induced by t Gq and on the RHS the tensor product of 
the corresponding filtrations on gr^, G' and ^^-pi G" . The former contains the latter, so in 
particular we have 

= dimGogrjG' > '"'p'-i^'P-P'-r 

k>0 /3'e[0,l[ k>0 i+j=k 

Put (z/'*z/")/3 = J2f}'+f3"=f3^'(3'^'^"- Then we conclude that J2k>o^p-k > Efc>o('^' * ^")/3-fc and 
thus JZ'jKis ^-y — J^'jKfsi^' * ^'l-y ^r any (3. As both terms are equal for /3 -C or /3 and as 
u and z/' * u" are both symmetric with respect to w/2, we conclude that v = v' -k v" . □ 

A microdifferential criterion for the symmetry of the spectrum. We keep notation of 
§^ the module M is C[t] (9f)-holonomic and regular even at infinity and we assume that M 
comes equipped with a C[t]-module Mq of finite type generating M. 

Let DM be the C[t](9t)-module dual to M, i.e. the left module associated with the right 
module 

ExtJ:f,]^,^>(M,C[t](9*)). 

We also denote D{A€) the dual of the microdifferential system attached to M, which is iden- 
tified with {DMf. As is endowed with a good filtration Af, = S{.) ■ M^, the dual D{Af) 
is equipped with a natural filtration D{Mf), defined using any strictly filtered resolution of 
iM\Af,) by free (6:, ^(.))-modules. 

Assume that we are given a morphism DM — ^ M such that the kernel and the cokernel are 
free C[t]-modules of finite rank. Taking Fourier transforms and localizing with respect to r one 
gets an isomorphism DM[t~^] — > M[r~^] = G. But we have the following relation between 



duality and Fourier transform (see [|T8|, lemme V.3.6]): 



DM = DM 

where D denotes the duality as C[t]{dt) or C[r]((9T-)-iiiodule. We will identify below {DM)[t~^] 
with G* defined above. Hence we get an isomorphism G* — > G. 
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Lemma 3.8 (|^4|, §2.7]). We have a canonical isomorphism 

G* = iDG)[T-'] = iDM)[T-^]. 

Proof. The second equality is clear as the kernel and cokernel of M — s> G are supported at 
r = 0. We have 

C[t] ^ ' 

where means the left module associated with the right module N; consider then the following 
resolution of G leftC[r, r ^] (9r)-module: 

C[T,r-l] C[T,r-l] 

with C[r, r^^l {dr) ® G = C{dr) ® G, and identify 

C[r,T-l] C 

Homc[,^,_i]^a^^ (^C{dr)®G,C[r,r-']{dr)y = iG* ®c C(9.))^ = C(9,) ®c G* 

to get the assertion. □ 

On the other hand, the morphism DM — ^ M induces an isomorphism D[Af) — »• Ai^ . When 
the microdifferential property below holds, the spectrum of {G, Gq) is symmetric with respect 
to w/2. 

Proposition 3.9. In the previous situation, assume moreover that there exists w G Z such 
that this isomorphism sends D{Ai'^)o onto O'^A^q = Af^- Then the isomorphism G* ^ G 
sends Gq onto Gw. 

Proof. As the image of Gq is contained in some Gk and coincides with G after localizing 
with respect to r, it is enough to show that C \6\ ^^jg] Gq is sent onto C |^] Gw. Ac- 
cording to proposition p73| , the problem is reduced to identifying, for each singular point 
c, (Homx(A^''„i^),Homc[e](A^';,,C|e])) with {D{A€^), D{Jvt^)Q). This follows also from [||, 
§2.7]: recall that is a finite dimensional i^- vector space, so one has a resolution of Ai^^ as 
an £^c-niodule 

M (t - c) (g) 1 - 1 (g) (t - c) „ M 

S,®M, — — ^ ^c®-M' A^c ^ 

K K 

which induces a resolution 

^ ^.(0) ® Uq, (t-c)0l-l0(t-c)^ ^^^^^ ^ ^ — — 0. 

cm ' cm 

In fact it is easier to show first that the corresponding sequences are exact when Sc,Sc{0) are 
replaced with K{dg),C {9} {O'^Oq), and then to use flatness of the former rings over the latter 
ones respectively. □ 
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4. The Riemann-Hilbert-Birkhoff problem 

We keep notation of the previous section. In order to simplify notation, it will be convenient 
to write a basis as a column vector; the matrices considered below are the transposed matrices 
of the usual matrices. 

Proposition 4.1. The following properties are equivalent: 

(1) there exists a basis g of Gq over C[9] for which the matrix oft = 9^dg is equal to Aq + 9Ai 
where Aq and Ai are constant matrices; 

(2) there exists a free C[T]-module C G stable under the action of rdr generating G over 
C[r, r-i] and such that n Go) © G_i = Go; 

(3) there exists a free O^i -module Qo inside (the Opi -module associated with) G such that 
the restriction of Qq on Uoo is equal to Go and the restriction to Uq is a logarithmic 
connection with pole at 0. 

Remarks. 

(1) If such a basis exists, then Aq is the transposed matrix of the action of t on Go/G_i and 
—Ai is the transposed matrix of the residue at r = of the logarithmic connection if*^; 
moreover the trace of Ai does not depend on the choice of such a basis: in fact, given 
two bases g and 7, one can assume that they induce the same basis on Gq/G-i up to a 
constant base change on 7, so the matrices Aq are the same; there exists P G GL^(C[^]) 
such that 

Ao + m; = e^de{P)-p-^ + p{Ao + eAi)p-^- 

as detP is a nonzero constant, this implies trA'^ = ii Ai. 

(2) In general, one knows the existence of such a basis in the following cases: 

• the monodromy matrix of G (around or 00) has /x distinct eigenvalues (see for 
instance W%)\ 

• Go is semi-simple as a C[6']-module equipped with the action of t (c/. [0]). 

Proof. (1) =^ (2): one puts = C[r] ■ ^. Then is stable under the action of rdr and the 
matrix of rdr in the basis g is —{tAq + Ai). In particular Ai is the residue of the logarithmic 
connection on . One has C[r, r^^] ® = G and HGq = C ■ g. 

(2) =^ (3): because of the isomorphisms H^[t^^] = G = Go[6'~^], one may construct a 
locally free Opi-module Qo such that Go\Uo = ^-iid Qo\u^ = Gq. We have r(P^, Qq) = if^flGo 
and the assumption means that the restriction morphism r(P^, Qq) —>■ il^So is an isomorphism. 
From the Birkhoff-Grothendieck theorem one deduces easily that Qo is trivial. 

(3) (1): let g he a. basis of Qq. Because Go is stable under the action of t, the matrix of t 
in this basis has elements in C[^]. Because := Qo\Uo is stable under the action of rdr = —Ode, 
one concludes that this matrix has degree at most one in ^. □ 
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Assume that (G, Go) is obtained from (M, Mq) as in §||, where M = M[d^^] is regular 
holonomic, generated by Mq, and Mq is C[t]-free and stable under d^^. The partial Riemann- 
Hilbert problem for Mq consists in finding a C[t]-basis of Mq for which the connection matrix 
has at most a logarithmic pole at infinity. 

Corollary 4.2. Assume that M = M[d^^] is regular even at infinity, that Mq has finite type 
over C[t], is stable under d^^ and generates M. Then, if the R-H-B problem has a solution 
for Gq with Ai + kid invertible for all k & N, the C[t]-module Mq is free and the partial 
Riemann-Hilbert problem has a solution for Mq. 



Proof. Indeed, let gi be a C[6']-basis of Go satisfying property (1) of proposition [4.1| . Then we 
have, for all A; > 1, 

fc-i 

e'g = l[[{A^ + nd)-'{tid-AQ)]-g, 

hence g generates Mq as a C[t]-module. Since rkGo = rkMo (see remark |2?^ ), Mq is C[t]- 
free and gr is a C[t]-basis of Mq. Now the relation tg = {Aq + 6Ai)g can also be written 
dtg = {Aq — tld)'^{Ai — ld)g and the connection matrix in this basis has rational coefficients 
with a pole of order at most one at infinity. □ 

5. Good bases 



The content of this section is an adaptation of |3^, § 3] . 



Definition 5.1. We shall say that a basis g of Gq is a good basis if 

(1) the matrix of t = in this basis is Aq + 6*741, where Aq and Ai are constant fi x jj, 
matrices; 

(2) the spectrum of Ai is equal to the spectrum of (G, Go). 

If moreover Ai is semisimple, we shall say that gf is a very good basis. 



Proposition 5.2. Assume that for every a G [0, 1[ there exists a decreasing filtration {H^)kez 
of gr^ G by subspaces satisfying the following properties: 

(1) for every a G [0, 1[ and every k E Z, the subspace is stable under the action of the 
nilpotent endomorphism N o/gr^ G induced by rdr + Oi; 

(2) (transversality condition) the decreasing filtration iJ* is opposite to the increasing filtra- 
tion on gr^ G induced by {Gk)kez, i-e. 

g^k g^fc g^r = for k^i. 

Then one can construct a good basis of Gq. Moreover, this basis is very good if and only if for 
every a G [0, 1[ the filtration if* satisfies NH^ C H^'^^ for all k E Z. 
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Proof. Let E = ViG/VqG. This is a rank fi vector space equipped with an action of rdr- 
Moreover E = (Bae[o,i[Ea with E^ = U„Ker(rc}^ + a)" and by construction, the filtration 
induced by VaG on E, namely V^G/VqG for a G [0, 1[, is equal to ©o<a'<a-E^a'- We shall denote 
it Vc,E. We have also gr^ E = gi^ G for ae[0,l[. 

The filtration Gk induces a filtration GkE = fl ViG/G^ fl VqG in the same way. The 
filtration GkE induces on gr^ = gr^ G the filtration Gk gr^ G := n V^G/Gk n V^^G. 



Lemma 5.3. Under the assumption of proposition (|5.2| ), there exists a decreasing filtration 
{V')k^z of E which satisfies 

(1) is stable under the action of rdr, 

(2) L' is opposite to G.. 



Proof. We shall show (by induction on the number of a such that E^ ^ 0) that = ®aH^ 



satisfies the desired properties. Put ao = max{a G [0, 1[ | E^ 7^ 0}, E' = ©o<a<ao-^a 
E" = E/E' = gr^^ G. We have to show that for every A; G Z we have 

L'' n Gk-iE = and + Gk-iE = E. 

First, the induction hypothesis implies that fl Gk-iE Ci E' = 0. Hence the map L'^ fl 
Gk^iE E" is injective. But its image is contained in H^^ fl Gk-i gr^^ G, which is equal to 
by transversality assumption. The other equality is proved in the same way. □ 

In order to obtain information on G from information on E, we shall introduce the Rees 
module of G associated with the filtration VG. So let -u be a new variable and consider 

UvGo := © {VkG n Go)u'' C Go © C[u, u'^] . 
fcez c 

Denote w the action of 6^^ on G © C[u, u^^]. Then TZyGo is naturally a C[u, w]-module because 

c 

multiplication by 6 induces an isomorphism 

VkG n Go ^ Vfc+iG n G_i C Vk+i n Go. 
Put dw = u~^do and w'^d^ = uO'^dg. Then, because acts as —dr on VkG, it induces a map 

e^de:VkGnGo~^Vk+iGnGo 
and one deduces an action of w'^dw on TZyGo- 

Lemma 5.4. TZvGq is a free £,[u,w]-module of rank fi. Its restriction at u = uq ^ (with 
action of w'^dw) is isomorphic to Go ( with the action of 9^dg ) and its restriction at u = is 
equal to ® Go{VkG/Vk-iG) 

k 

Proof. The last two assertions are standard for Rees modules associated with a good filtration. 
Let us prove first that TZyGo has finite type over C[m, w]. By lemma we know that VkG 
Go = for A; ^ 0. It is then enough to prove that TZvGq is generated over C[m,w] by 
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®k<ko{^kG n Gq)u^ for a suitable choice of k^. But by the same lemma we know that there 
exists fco such that VkG fl Gq = Vk-iG fl Gq + VkG fl G_i for all k > k^. Hence for all such fc, 
any element mkU^ G (VkG fl Gq)u^ can be written 

with mfc_i,?7,fc_i G Vk-iG fl Gq. The result is obtained by an easy decreasing induction on k. 

Once we know that TZyG^ has finite type, we can argue as follows to obtain the freeness. 
Because C[u, u~^, w] ® TZyGo is isomorphic to Go[u, u~^], it is free of rank /i over C[u, u~^, w]. 
Moreover this also imphes that TZyGo is torsion free over C[u,iy], because its torsion must be 
supported on {u = 0} by this property, and this is not possible since TZyGo is contained in 
Go[u, u~^]. Last, the fibers of TZyGo at each point of {u = 0} have dimension fi: by homogeneity, 
it is enough to check this ai u = w = 0, where the fiber is ©fc\4(Go/G'_i)/Vfc_i(Go/G_i) and 
has dimension fi because of lemma |Lj. We conclude that TZyGo is a finite type projective 
C[m, w]-module, so is free of rank /i by Quillen-Soushn. □ 



End of the proof of proposition \5. Sj . Consider the Rees module TZyG := (BkeiVkG ■u''. It defines 
a meromorphic connection on x C relative to the projection on C, with poles along {0} x C 
and {oo} x C: it is a free C[u,w,w^^]-modu\e equipped with a compatible action of dw (here, 
CO = {w = 0}). Inside of it TZyGo is a relative lattice. The restriction i*TZvG to {u = 0} is 
equal to sp^G := (Bk{VkG /Vk^iG) . This is a connection on with regular singularities at 
and oo, and containing the lattice sp^Go = i*TZvGo- We shall first construct a complementary 
lattice for sp^Go in sp^G and we shall then extend it as a relative complementary lattice for 
IZyGq in TZyG. Restricting this lattice to m = 1 will give a complementary lattice for Gq in G. 



We shall then apply proposition [4.1| to obtain the good basis. 

First we define for every /5 G Q in the following way: let (3 = a — i with a G [0, 1[ and 
^ G Z; denote by v the action of r on sp^G. Put = v^H^~^. This space is contained in 

gr^ G = gr^ G and is isomorphic to H^^^. We shall view gr^ G as a subspace of Vl^+iG/K-^G 
by the same arguments that we used for E at the beginning of the proof. 

For a fixed /3 G Q, we have Hp = for and = gr^ G for A; -C 0: it is enough to 
prove this for = a G [0, 1[; this follows from the transversality condition and the fact that the 
analogue is true for the increasing filtration Gk gr^ G. It is easily seen that for every /3 G Q, 
the decreasing filtration of gr^ G is opposite to G. gr^ G. Put 

= ® Hi 

One can see that H^ is a C[f]-module of finite type. It is clearly stable under the action of vd^ 
which is the action induced by rdr on sp^G because the H^ are so. It is free because it has no 
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torsion, being contained in sp^G. Moreover, = v^H^. We have 
(5.5) 

This shows that has rank /i and that C[r, t^^] ®c[r] = G. 

Hence and sp^Go can be glued together in a locally free sheaf on and because of 
the transversality assumption, they satisfy property (2) of proposition ^3] . Consequently, this 
locally free sheaf is indeed free. 

Before going further on in the proof, let us remark that equality ( |5.5| ) shows that the charac- 
teristic polynomial of the residue of the connection on is equal to the spectral polynomial 
of (G, Go). This residue is semisimple if and only if rdr + (3 acts by on H^/Hj^ for all /5 G Q, 
which is equivalent to the fact that NHj^ C Hj^'^^ for all a G [0, 1[ and all /c G Z. 

Let us now come back to the proof. We shall extend the free sheaf that we have obtained 
above as a locally free sheaf on x D, where D is a small neighbourhood of u = in 
C, in such a way that its restriction to Uoo x D is equal to the restriction of TZyGo to this 
neighbourhood. This sheaf will be equipped with an action of vdy when restricted to Uq x D, 
so is a relative logarithmic connection with pole along {0} x D on this open set. By restriction 
to u = Uq & D — {0} and using homogeneity in u, we shall obtain a locally free sheaf on P^ 
extending Gq and with a logarithmic connection with pole at {0} on Uq. This sheaf is free, 
being a deformation of a free sheaf on P^. We will also make the deformation in such a way 
that the residue at is constant in the deformation. So we shall obtain a good basis using 
proposition |4.1| and the previous remark. 

Using the isomorphism (|1.2|) , we can extend H^^^ as a relative logarithmic connection Ti" in 
T^vG\AxD, where A is a small neighbourhood of w = in P^. Indeed, the isomorphism ( |1.2|) 
gives a trivialization TZvG\axd — ^r* sp^G|A, where n : x D ^ ¥^ denotes the projection. 
The glueing of H^'^^ and sp^Go on A — {0} can also be extended to a glueing of and TZyGo 
on (A — {0}) X D, restricting D if necessary: it is enough for this to extend bases of H^^^ 
and sp^Go to the deformation. The last thing to verify in order that the program we have 
announced to be completed is that the residue of the relative connection on is constant: 
this is due to the fact that for all /? G Q the graded deformation gr^(?i°) is constant. □ 

Behaviour with respect to duality. Assume that we are given an isomorphism 

(G*, Gq) or (G*, Gq) — > {G,Gy^). 



Hp/Hp 
g^.lgr^G) 

gr^(gr^G) (transversality). 
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It defines a non degenerate bilinear (or sesquilinear) pairing 

5 : Go ® Go — > e'"c[e] 

m 

of C [6*] -modules wliicli is compatible with the action of de. We also get a duality (see remark 



3J) 



gr^Gorgr^G ^ Homc(grr„+i G, C) (aG]0,l[) 
gr^GorgrJ'G ^ Homc(gr^ G, C). 

A good (or very good) basis e of Go is said to be adapted to S if 

S{ei,ej) eC-e"" foralH,j. 

Proposition 5.6. If the decreasing filtrations if* o/gr^G (a G [0, 1[) satisfy conditions 1 and 



2 of proposition 5.2 and moreover 



(3) i/^ = H^'l, (a G ]0, 1[) and H^^ = H,^-'+' 
then the good basis given by this proposition is adapted to S. 

Sketch of proof. As in proposition ^A\ , one shows that the basis e is adapted to S if and only 
if S extends to a nondegnerate pairing 

S : Go ^ Qo — ' Opi [w] 

compatible with connections, where O^i [w] denotes the trivial rank one bundle equipped with 

d6 

the connection d + w—. Condition 3 means that this is true for spy Go and for the form 

9 

spy S (see the proof of ^]2| for the notation). Now TZyS defines TZyS with maybe poles along 
{f = 0} X D. Since TZyS^^^^ = spyS has no poles at f = 0, it follows that TZyS has no poles 
along f = 0, and specializing to m = 1 gives S. □ 

6. Examples when there exists a good basis 



We first obtain from proposition p72 



Corollary 6.1. Let (G, Gq) be such that no two distinct elements of the spectrum differ by an 
integer. Then Gq has a good basis. 

Proof. In fact the assumption means that for every a G [0, 1[ there exists a unique /c G Z (that 
we shall denote k^) such that gr^ gr^ G 0, i. e. G^^ gr^ G = gr^ G and Gfc^_i gr^ G = 0. So 
we can choose H'^ = gr^ G for A; < ka and = for /c > /cq, in order to apply proposition 



5.2. □ 
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Remark. In fact, the that we have constructed above is the only possible choice when the 
assumption of the corollary is satisfied. In particular the good basis that we obtain is very good 
if and only if rdr + a acts by on gr^ G for every a G [0, 1[, which means that the monodromy 
of G is semisimple. 

Let c be a complex number and G ® e'^'^ be the C[r, r^^]-module G where the action of dr 
is translated by c: dr{g ® e'^'^) = [{dr + c)g] ® e'^'^. In the same way the action of t = 9^de is 
translated by — c. We shall denote Gq ® e'^'^ the corresponding lattice. 

Proposition 6.2. If {G, Gq) admits a good basis g then g^e^'^ is a good basis for {G^e'^'^, Gq® 
e^^) and the matrix Ai is the same for both. 

Proof. The matrix of t in the basis g (S> e'^'^ is equal to Aq + cld+6Ai. In order to verify that 
g ® e^'^ is a good basis, it is enough to verify that the spectrum of (G ® e'^'^, Gq <^ e^'^) is equal 
to the one of (G, Gq) (the latter being equal to the spectrum of Ai by assumption). It is then 
enough to verify that V{G ® e^'^) = (VG) e^^. This is clear because rdr acts on G ® e^^ as 
rdr + cr on G and cr acts by on each gr^ G. □ 



It follows from proposition 3.7 that 



Proposition 6.3. // (G', Gq) and (G", Gq) satisfy the assumptions of corollary and have 
good (or very good) bases, then the tensor product of these bases is a good (or very good) basis 
of{G'<^G\G'^®Gl). □ 



6.4. M. Saito's criterion. M. Saito gives the following criterion for the existence of a very 
good basis (c/. prop. 3.7]): If for every a G [0, 1[ and all j > the map A^-' : grj^ G gr^ G 
strictly shifts the filtration induced by G. by j, then all the conditions of proposition ^]2| are 
satisfied and hence Go admits a very good basis. 

This criterion is fulfilled in particular if ©^^jq ^jG. gr^ G is the Hodge filtration of a mixed 
Hodge structure for which the weight filtration M, satisfies NM, C M,_2. 

Assume moreover that we have an isomorphism (G*,Gq) (G, G^u). This isomorphism 
hence induces a perfect pairing of mixed Hodge structures 



© gr^G© © gr^G 

aG]0,l[ ae]0,l[ 

gro^G©grQ^G 



where C(A;) is the pure Hodge of weight —2k on C. Then M. Saito (see lemma 2.8]) gives 



a canonical choice for the filtrations if* (satisfying pT^l,2), and this choice satisfies property 3 



in proposition 5.6. 
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7. Good basis for the Mellin transform 

Good basis and irregularity. Let G be as in section |I]. Assume that G admits a basis g over 
C[0, 9^^] for which the matrix of t = O'^de is Aq + 9Ai, where Aq and Ai are constant matrices. 
By assumption, G is regular at r = 0. Let iroo(G) be the Malgrange-Komatsu irregularity 
number (see e.g. [Q) of G at r = oo (z.e. 9 = 0) and let /i = rkG. From the classical results 
of Turrittin and Katz on irregular singularities (see e.g. |]18[ or |41|) on gets: 



Proposition 7.1. The matrix Aq is invertible if and only if iToo{G) = /U. □ 

Mellin transform of G. Put a = —9de and identify the ring 'C[9,9^^]{dg) with the ring of 
finite difference operators C[(j](^, ^~^), where we have the relation 9a = {a +1)9. The (rational) 
Mellin transform (S of G is the C((T)-vector space C((t) ®c[o-] G, equipped with a structure of 
a left C{a){9,9^^)-modnle. It is known to be a finite dimensional C((T)-vector space. More 
precisely, for G as in section |l], we have 

Proposition 7.2. dimc(cr) ® = i^oo{G). 

Proof. Let G ® L^he the C[9, 6'~^]-module G on which 9dg acts by 9dg + a, for a G C. Then 
dimc{CT) C5 = x(^DR(G (S> i^a)) for a general enough, where the RHS is the Euler characteristics 
of the algebraic de Rham complex of G (S> on C*. The local index theorem and the 
fact that x(^DR''''(G = imply that x(*'DR(G ® 1^)) = iT^{G ® and the equality 
iroo(G (g) L„) = iroo(G) is easy □ 

Good basis for the Mellin transform. Let G as above and assume that there exists a basis 
g of G in which the matrix of t is Aq + 9Ai. 

Proposition 7.3. We have dimc(o-) = rkG if and only if Aq is invertible. If this is satisfied, 
then g is also a C{a)-basis of &, and the matrix of t = 9"^ is —A^^{Ai + crld). 

Proof. The first part is a consequence of propositions and [7.2| . We have —ag = A^rg + 
Aig. If Aq is invertible, C((t) ■ is a C(cr)-subspace of stable by r, the matrix of r being 
—Aq^{Ai + aid). It is also stable by r^^, and consequently g generates over C{a) because 
by assumption it generates it over C((t) (r, r^^). Using the equality of dimensions we conclude 
that gi is a C(cr) basis of &. □ 



Remark. If g is a good basis (definition p.l| ) for (G, Gq) and if dimc{o-) = rkG, we see that 



the determinant of r in the C((j)-basis g of satisfies 

det(r;gi) = 7^det(o-Id +v4i) = 7^SP^(G,Go; a) 



where ^ir is a nonzero constant. 
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Mellin transform and Fourier transform. Assume that G is the Fourier transform of a 
regular holonomic C[t]((9() -module M on which the action of dt is invertible (see Let M[t~^] 
be the localized module and 9Jl its Mellin transform: we put s = —tdt and OJt = C(s) ®c[s] M. 
This is a C(s)(t, t~^)-module which has finite dimension over C(s). Let Mo C M be a finite 
C[t]-module stable by and generating M over C[t](9f). It defines a lattice Go of G (see 
section 0). Let be the Mellin transform of G as above. We can identify and 971 using the 
isomorphism 'C{s){t,t~^) ~ C{a){9,9~^) given by s i— >• cr + 1 and t i— >• — 6'cr = — (cr + 1)6*. The 
previous results give the following: 

Proposition 7.4. 

(1) We have ikG = J2cec f^c{M) and dimc(s) 9?t = J2cec* /^c(M). We have dimc(o-) = rkG 
if and only if is not a singular point of M. 

(2) Assume that there exists a good basis g for {G,Gq). Then, if is not a singular point 
for M, g is a C{s)-basis for 9Jt and the matrix oft in this basis is s{Ai + sld)^^AQ. 
Moreover the determinant of t in this basis has poles ( counted with multiplicities ) on the 
opposite spectrum of {G, Gq) exactly. □ 

Part 2. The Gauss-Manin system of a cohomologically tame function 

8. Some properties of cohomologically tame functions on an affine manifold 

Let ?7 be a smooth affine quasi-projective variety (over C) of dimension n + 1 and /:[/—*> 
be a regular function. We say that / is cohomologically tame if there exists a compactification 
of / given by a commutative diagram 



where X is quasi-projective and F is proper, such that the complex Rj^^Qu has no vanishing 
cycle at infinity, namely, for all c G A^, the vanishing cycle complex (f)p_^Rj^Qu is supported 
in at most a finite number of points, all at finite distance, i.e. contained in U. We shall denote 
E the set of critical values of / and fi = fi{f) the sum of the Milnor numbers of / at its critical 
points. 

Examples. If / : A""*"^ A^ is "tame" (see @, lemma 4.3]), i.e. if there exists e > and a 
compact K G U such that > e out of K, then / is cohomologically tame (with respect 

to the standard partial compactification of the graph X C P"^ x A^ of /). 

In fact, Parusihski has shown |^ that / : A*^"^^ A^ is cohomologically tame with respect 
to the standard partial compactification of the graph X C P" x A^ of / if and only if it satisfies 



J 
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a condition weaker than tameness, called the Malgrange condition, saying that when f{x) 
remains bounded, there exists e > such that ||a;|| > e for sufficiently large. 



In |^2[ is introduced the notion of M-tameness for such a polynomial, which gives global Mil- 
nor fibrations in big balls in C"+^. It is not clear that any M-tame polynomial is cohomologically 
tame, but the tame ones, or the ones satisfying Malgrange condition are both cohomologically 
tame and M-tame. 

Fix coordinates on A""^^. If / : A"+^ is convenient and nondegenerate with respect to 

its Newton polyhedron at infinity, then / is tame [Q, and this example is considered with some 
details in §0. 

Consider now examples where U is different from A""*"^. The first one is the case where U is 
a curve, so / is a meromorphic function on the complete curve U. 

Let U = (C*)""*"^ and let / be a Laurent polynomial. Assume that / is nondegenerate with 
respect to its Newton polyhedron Aoo(/) and is convenient [0. Let F : X — >■ A^ be the partial 



compactification of / given by considering the closure of the graph of / in the product of A^ 
with the toric compactification of U defined by Aoo(/). Then it follows from lemma (3.4)] 
that / is cohomologically tame with respect to X. 

Remark. Consider a closed embedding of F : X A^ in p : 3^ x A^ ^ A^, where y is smooth 
and p is the second projection. Let k : X ^ y x ^ he the inclusion. Then / is cohomologically 
tame if and only if the constructible complex 5" = R{ko j)^Cu is noncharacteristic with respect 



to p along X — U, in other words its characteristic variety or microsupport (see e.g. ||T0|) 
Char 3" G T*{y x A^) {i.e. the one of the corresponding bounded complex of regular holonomic 
P-modules on 3^ x A^) satisfies Char JTl (3^ x T*A^) C y x M over the points of k{X — U) (see 



e.g. [p3i prop-def. 1.1]). 

Remark also that the noncharacteristic property is satisfied by Rj^Qu (or 3" as above) if and 
only if it is satisfied by each of its perverse cohomology sheaves. 

In the remaining of the paper we will assume for simplicity that n > 1, i.e. dimf/ > 2. 

The following theorem (which is essentially well known) contains the main properties of the 
direct images sheaves of the constant sheaf Qu under the map /. 

Theorem 8.1. Let f : U ^ he a cohomologically tame polynomial with n + \ = dimf/ > 2. 
Then 

(1) the complex Rf^.'^u (resp. Rf\^u) has nonzero perverse cohomology in degrees k G 
[-n,0] (resp. k G [0,n]) at most; fork<0 (resp. for k > 0) m%^u (resp. m'^fifQu) 
is the perverse constant sheaf of rank dimif'^+"(f/, Q) (resp. dimif^+"(f/, Q)j on the 
affine line A^; 

(2) the kernel and the cokernel (in the perverse sense) of the natural morphism ^R^fi^jj — *■ 

are constant perverse sheaves (with the same rank) on M. 
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(3) The complex Rf^Qu has cohomology in degrees k G [0, n] at most; for k < n, R^f^:Qu is 
the constant sheaf of rank dim H^{U, Q) on the affine line M and R^J^:Qu[^] is perverse 
and equal to ^R^fJ^u; 

(4) the complex RfiQu has cohomology in degrees k G [n, 2n] at most and R"'f\Qu = 

(5) if n>2, one has an exact sequence 

where K, and C are constant sheaves. 
Remarks 8.2. 

(1) For n = 1, the last two statements have to be sUghtly modified. 

(2) As we shall see below (c/. § |13.12| ), the image (in the perverse sense) of the morphism 
m%fQu PR%PQu is isomorphic to a direct sum 7 ® aX[l], where a : - S 

denotes the open inclusion, C is the local system made of the cohomology spaces 
H"'{f^^{t), Q) and T is supported on S. In other words, this image satisfies the conclusion 
of the decomposition theorem. 

Let us first give some consequences of the tameness of / on the nearby and vanishing cycle 
sheaves of F. Let c G A^ and ^^-i^^) • F~^{c) X be the closed inclusion. We will also denote 
j : f~^{c) ^ F~^{c) the open inclusion induced hj j : U ^ X. Let also i : X — U ^ X denote 
the closed inclusion. 

Proposition 8.3. /// is cohomologically tame (with respect to X) then the following properties 
are satisfied: 

(1) for each c G A*^, (pp-cUiQu) = 4>F~ciRj*Qu) , where j\ is the extension by and 

r'<pF~ciJiQu) = i''<j)F^,{Rmu) = 0; 

(2) for each c e A\ tPp_^{Rj,Qu) = R^f^Mu) and tpp.MQu) = jii^f-Mu); 

(3) for each c G A\ ^^-i(c)(-Rj*Qc/) = Rj*Qf-Hc)- 

Proof. (1) It is clear that the two sheaves coincide on /~^(c). By Verdier duality we have 
= DiRj.^u) and ^ £>(P0^_,(i?j,^t;)) (see §). The two complexes 

0i7_c(j!Q(/) and 0i?_c(-Rj*Q(7)) being dual up to a shift, have the same support, which is 
contained in /~^(c) by assumption of tameness, so these two complexes coincide. 

(2) It is equivalent to show the analogous equalities using the perverse functor ^ and the 
perverse sheaf '^jj. Then the first equality is Verdier dual to the second one. From (1) we deduce 
that ^(pF-cU'-^u) = j'X^'Pf-c^u) so the second equality is equivalent to i~p-i(^^-^{j\Qu) = j!Q/-i(c) 
and it is enough to prove that i~^ip-i(^^-^ij[Qu) = 0. But this is clear because the functors i"^ 
and ip-i^c) commute. 
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(3) is a direct consequence of (1) and (2). □ 

Corollary 8.4. For all c G A^, 

(1) the complex (f)jr_^Qu has cohomology in degree n at most, 

(2) on the sheaf Qu, the functors Rf^ and Rf\ commute with the functors ipf-c' '^f-a V-i(c) 
and 4-i(c)- 

Proof. (1) We know that ^(pf^J^u is a perverse sheaf on/~^(c). The assumption of tameness 
implies that its support consits of a finite number of points. Hence it has cohomology in degree 
at most. 

(2) Let us show the result for Rf^ and V'/.c for instance. Let t be the coordinate on A^. We 
have 

il;,_,{Rf,Qu) = ^t_,{RFMj.Qu) 

= RF,{^Pp_^{RJ,Qu)) (F is proper) 
= i?F,(i?j;(^/'^_^Qt/)) (proposition 
= Rf.{^Pf_M. 

□ 

Proof of theorem \8. 1\ . 

Lemma 8.5. // / is cohomologically tame and n > 1, then 

(1) the complex Rf^Qu has cohomology in degrees m G [0,n] at most; 

(2) for m G [0, n — 1], the sheaf -R™/*Qt/ is a constant sheaf on M of rank dim H''^{U, Q) . 

Proof. The first point does not depend on the tameness assumption: this is Artin theorem (see 



for instance |T0|, Prop. 10.3.17]). It can be easily shown with the tameness assumption, because, 
due to proposition p^ , restriction to fibers causes no problem, so it is equivalent to the fact 
that each fiber /~^(c) has cohomology in degrees m G [0, n] at most, which can be proved using 
Morse theory (see e.g. [|10|, Th. 10.3.8]). 



For the second point, remark that for each c G A^ we have an exact sequence 

> H^ii-^RfMu) ^ n^{iPt-cRf.Qu) — > 7r{ct>t^cRfMu) ^ • • • 

and we have H"^ {4't-cRf*Qu) = 4't-cR™'f*Qu because Rf^Qu has constructible cohomology 
on A^ Moreover we clearly have T-C"^{i~^Rf*Qu) = ic^R"^f*Qu- From corollary ^]^we deduce 
that 'H"^{(l)t-cRf*Qu) = for m 7^ n. Hence for m < n we have (f)t-cR"^f*Qu = 0, which 
implies that R"^f^,Qu is a locally constant sheaf on A^, hence a constant sheaf. 

The Leray spectral sequence with El^'^ = if^(A^, ii™/*Qt/) degenerates at E2, as follows from 
the previous results and this gives the statement concerning the rank of R"^f^Qu for rn < n. □ 
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Remark. At this point, one can compute the generic rank of R^'f^:Qu (or R"'f\Qjj): one uses 
the fact that for a constructible complex JF on A^, the cohomology sheaves of which are local 
systems on A*^ — S, one has, for to E ^ — T,, 

When applied to = Rf^:Qu (or RfiQu), this gives 

ikRJ^Qu = /i + /i"(f/,Q)-/i"+^(f/,Q). 

Lemma 8.6. We have pR%J^u = R''+%Qu[^] for any keZ. 

Proof. For each c G A*^ the complex ^^-i^^^ := Qj_i(^-)[^] is perverse and we have an exact 
sequence of perverse sheaves on /~^(c) 

(8.7) ^ ^^-.(,) > V/-c^c/ ^ 0. 

We deduce a long exact sequence, by taking direct images and perverse cohomology, and using 
the fact that ^ and ^0 commute with (corollary |8.4| ) and perverse cohomology: 

. m'-fMf-^i^c) — > 'A-/R"'f*'^u ^ '<p,.,m'-fMu 

where m'^f^^f-^^^ = i/"^+"(/-i(c), Q). Using the fact that i/™+"(/-i(c), Q) = for m > 
and (tameness) P(l)^_PR"^f^:^ij = for m 7^ 0, we conclude that for m 7^ ^R^f^^jj are 
(locally) constant sheaves on A^ and we obtain an exact sequence 

H^\f~\c), Q) . Vt-/J27*^c/ %_/i27*^c/ — 

which gives surjectivity of can for '^R^fJ^jj. 

Now, for a perverse sheaf JF on A^, the fact that can is onto is equivalent to the fact that JF 
is an ordinary sheaf (near c). Since the perverse cohomology sheaves of Rf^Qu are ordinary 
sheaves up to a shift by 1, we conclude that these are also the ordinary cohomology sheaves up 
to a shift by 1. □ 

The statements of the theorem for Rf^Qu are now proved. The perverse statements for 
Rf\Qu follow by Verdier duality and the nonperverse ones are straightforward consequences. 
The last point of the theorem follows then from the second one. Let us now prove it. 



Consider the complex i~^Rj^Qu, which is the cone of j\Qu ~^ Rj*Qu- Proposition ^ 
shows that we have 0^_c(^^^-Rj*Q(7) = for each c G A^. This implies that the perverse 
cohomology groups of RF^{i^^Rj^:Qu) are (locally) constant sheaves up to a shift, hence the 
ordinary cohomology groups also. Consequently the (perverse) cohomology groups of the cone 
of RfiQu — i> Rf^,Qu are constant sheaves, which implies the first part of (2). □ 
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9. The Gauss-Manin system of a regular fungtion 

Let Ou be the sheaf of regular functions on the affine manifold U and f '■ U — be a 
regular function. The Gauss-Manin system of / is the complex f+Ou of X'ai -modules. 

Denote n^{U) the space of differential forms of degree k with polynomial coefficients. Then 

(1) H''{n'{U),d) = H^{U,C), 

(2) if / has only isolated critical points, the complex (f2*(f/), df/\) has cohomology in degree 
n + 1 only. 

The following is proved as in or [^] (the statement about regularity is well known): 

Proposition 9.1. f+Ou is represented by the complex {Q'^'^^^{U)[dt],df), where the differ- 
ential df is defined by df{J2i^i9t) — J2i^i^t ~ J2i^f ^ ^idt~^^ ■ The cohomology modules 
W{f+Ou) are naturally equipped with a structure of a C[t]{dt) -module which makes them holo- 
nomic modules, regular even at infinity. Moreover W [f^Ou) = for j ^ [— n,0]. □ 

Remarks. 

(1) We identify here algebraic "DAi-modules with modules over C[t](9t). We always have 

n-^if+Ou) = c[t]. 

(2) If f/ = A"+\ the (left) action of dt is invertible on W{f+Ou) for -n < j < 0. 

The complex {Q''^"''^^{U)[dt], df) comes equipped with an increasing filtration M, defined by 

where the filtration on the RHS is the one by the degree in dt- This defines a filtration on the 
cohomology groups of this complex. 

Assume from now on that / is cohomologically tame. 

Proposition 9.2. Under this assumption, for j < 0, the C[t]-module W {f^Ou) is free of rank 
dimi7J+"(f/,C). 

Proof. By the comparison theorem we have 

PDR'^'^Wif+Ou) = ^i?7/DR""Oc/ = m^f.^u 

and from theorem we know that for j < this complex is the constant sheaf (up to a shift) 
of the right rank. □ 



Corollary 9.3. IfU = A"+^, the subcomplex {df AQlj,d) of {Q'^^,d) has cohomology in degree 
and n only and the relative de Rham complex (^^/^i , d) has cohomology in degree and n at 
most. 
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Proof. Let t] G Q^{U) with < k < n and u = df A r] such that du = 0, i.e. df A di] = 0. 
This imphes that dfUJ = 0, hence uj = df^ with ^ G r2'^(f/)[r]. Thanks to the de Rham lemma, 
one may assume that ^ G Qf'iU) so that the previous equahty is equivalent to oj = d^ and 
df A^ = 0. Put ^ = d/ A T]'. Then u = d{df A i). 

The second part of the corollary is now clear. □ 

We shall denote M = TiP^f^Ojj)- It is henceforth a holonomic C[t](5f)-module with regular 
singularities (even at t = oo). Let M be its Fourier transform (see section ^ and let G = 

M[t~^] = M[d^^]. Then G is a free C[r, r~^]-module of finite rank /i. 
Remarks 9.4. 

(1) Consider on U x M (where M = SpecC[r]) the P^^^^^-module O^j^^^ ■ e""^-^. Then 
the complex {Q'^"'^^{U)[T],df), where df is defined as in proposition |9.1| .(1), represents 
the direct image hj p : U x M ^ M of O^^^^ ■ e~'^^ . In other words we have M = 

(2) The localized complex (fi*+"+^(t/)[r, r = p+0^^-^[t ^] ■ e '^^ has cohomology in 
degree only when / has only isolated critical points, and this cohomology is equal to 
G. 

10. The Brieskorn lattice Gq and its spectrum 

Let Mo C M be the image of fi"+i(f/) in M = fi"+i(f/)[9t]/d/f]"(f/)[(9t]. 

Theorem 10.1. Assume that f is cohomologically tame. Then Mq is a free C[t]-module of 
finite rank generating M over C[t]{dt) . 



From proposition 2.1 we conclude, putting 9 = r 



-1. 



Corollary 10.2. Let Go be the C[6]-module generated by Mq in G. Then Go is a lattice in G 
(see §0j and the rank of G is equal to the sum of the Milnor numbers of f at its critical points. 
Moreover the fiber Go/OGo at 9 = (i.e. r = oo) is equal to n"+^(f/)/rf/ A fi"(f/). 



Remarks 10.3. 

(1) U U = A"+\ we have M = M[d^^], Mq is stable by d^^ and, using the identification 
G = M = M, Go is identified with Mq, viewed as a C[6']-module and not as a C[t]- 
module. This lattice Go is usually called the Brieskorn lattice. We have Go/OGo — 
C[a;o,... ,Xn]/{df/dxo,... ,df/dxn). 

(2) If [/ 7^ A""*"^, then Go is the lattice obtained from Mo after saturation by d^^ . It is the 
image of fi"+i(t/)[r-i] in (]"+i(f/)[r, T-^]/df {n''+\U)[T, r"!]). So not all the elements of 
Gq are represented by differential forms: they are represented by polynomials in 9 with 
coefficients in fi"+^(f/). 
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(3) If + PY'^ denotes the spectral polynomial of (G, Go) as defined in §|l], it follows 

from proposition p..7| and |2^, cor. 1.13] that H/jl^ ~ exp 2z7r/3)'''3 is the characteristic 
polynomial of the monodromy at infinity of / on the cohomology H"~^^{U, f~^{t); Q). 

Proof of the C[t] finiteness of Mq. Consider first the following situation: 3^ is a smooth pro- 
jective variety, W is a Zariski open set of 3^ and Z = y — U . Let j:Ux^^yx^ and 
k : y X M --^ y X denote the inclusions. Let be a regular holonomic I'^^^i-module 
(regularity along y x — U x M is included), and let A/" C be a coherent sub-P^^^i^^i- 
module. The cohomology of Rj^Af admits a natural structure of a P-^^^i^^i -module. Here the 
differential operators are algebraic. The corresponding analytic objects are indicated with the 
exponent "an". 

Proposition 10.4. Assume that the analytic de Rham complex DR^'^j+Ai (which has con- 
structible cohomology on y x M) has no vanishing cycle in some (analytic) neighbourhood of 
Z X M with respect to the projection n : y x ^ ^ A^. Then there exists a coherent ^^^^xai/ai" 
submodule Af of AA satisfying Vux» -Af = Ai and such that the cohomology of Rj^M is coherent 

Lemma 10.5. Let M. be a regular holonomic Vy^^i-module and let H G y x ^ be the set of 
points {y,c) such that y G Supp 0^_^(DR^° Al). There exists a coherent Vy^^^j^^- submodule 
M of M such that "P^xpi ■ M = M and 

Kf[*{y X oo)] = Af[*(3^ X oo)] on 3^ X pi - S. 

In particular Al[*(3^ x oo)] is Vy^^^j^^l^iy x oo)]-coherent when restricted to 3^ x P^ — S. 

Proof. By GAGA it is enough to prove the result in the analytic category. 

There exists only a finite number of critical values c G P^ for which 0^_^(DR'^'^ Al) is nonzero. 
Hence S is contained in the union of a finite number of fibres of tt and is compact. 

Let c G Pi and V^^^M be the Mai grange-Kashiwara filtration of Ai along y x {c} (see 
e.g. 21, 32|). It is known that each step Va'^'^ M. is relatively coherent in an analytic 



neighbourhood of 3^ x {c} (this can be proved using resolution of singularities th. 4.12.1], 
see also ||23, prop. 5.1.5]). We put M = IZ/'^AI in this neighbourhood. 



It follows from the correspondence between regular holonomic P-modules and vanishing 
cycles (see e.g. H) that we have M = vf^^M = Af in a neighbourhood of [y, c) ^ S. 

~r (c) ' — 

We hence construct Af by glueing the various in neighbourhoods of critical values 

with Ai outside these critical values. 

For any critical value c G P^, let 2; be a local coordinate on P^ centered at c. We also have 
M[z-^] = {vl'^M)[z-^] (see e.g. [pl[]). Applying this for c = 00 gives the result. □ 
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Proof of proposition \10.4\ - Let Ai be an algebraic "D^^^i -module which is holonomic and regular 



even at infinity. If DR^'^j+A^ has no vanishing cycle in some neighbourhood of Z x then 
the same is true for I)R^''n^{j+M) for each i: in fact p0^_/DR''''7^^(j+A^) is the £-th perverse 
cohomology object of ^(f)^_J'DR^^{j+J^), and the last complex is zero if and only if all its 
perverse cohomology objects are so. Consequently the set S associated with j+J^ is the union 
of the sets S£ associated with 7i^(j+A<). By assumption we have 3^ x = (Wx A^)U(3^xP^ — S). 

We will apply the lemma to = H^j+J^. We get a coherent P^^piypi-module N <Z M. and 
we put N = j*k*Af, which is a coherent X>^^^i^^i -module generating M. over V^^^. Moreover 
on 3^ X P-*^ — S we have 

= {R{koj),{kojyk,k*Kfr 

= {R{k o j),{k o jyk,k*My'' because of ^ 
= {Rk.Rj.Mf^ 

= {k+j+My--^ 

The last complex has I^y'^xpi/pi [*0^ ^ oo)]-coherent cohomology on 3^ x P^ — S because of lemma 
lOSj We conclude that {RkMiMY'' is T^fy,^!/^! [*iy x oo)]-coherent on 3^ x P^ and RkMjM 



is I'-yxpi/pi [*(3^ X oo)]-coherent by GAGA. Consequently Rj^Af is P-y^^i^^i -coherent. □ 



Corollary 10.6. Let Ai be as in proposition |10.4| . Then for any coherent T>y^^ i ^-suhmodule 
JV G A4 and for any i the image of 

H^{U X ^,DR^Af) — > H\U X ^,DR^M) 

has finite type over C[t], where DR^ denotes the algebraic de Rham complex relative to tt : 
U xM ^ M. 

Proof. It is enough to prove this for some A/" generating A4 over T^^^p^- One uses the M given 
by the previous proposition. Then 

i?(7r o j% DR^ AT = Rti^R]^ DR^ A" = Rti^ DR^ R]M 

has (9^1 -coherent cohomology and 

H\U X P^,DR,M) = r(A\i?^(7roj),DR^7V). 

□ 
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End of proof of the finiteness of Mq. Let X D U he the quasi-projective variety associated with 
/ (see beginning of section H), let X be a projective compactification of it and 3^ be a smooth 
projective manifold containing X as a closed subset. Let Z = X — U and U = y — Z . We have 
maps 

U f/ X W X A^ 3^ X A^ 



P 



71 TT 



Ai = A^ 



where i and t] are closed immersions. We have i+Ou = Ou[dt]-6{t — f) and the relative de Rham 
complex DR7r(i+C{/) is the one given in proposition ^Aj 

It is enough to prove that if is a P^^^y^i-submodule of i+Ou, the image of 
H^{I)RpN{U X A^)) — > H\l)Rpi+Ou{U x A^)) 

has finite type over C[t] for all i where DR^ denotes the de Rham complex relative to p: indeed, 
if we take for the Pj^^^i^^i-submodule generated by Ou ■ 5{t — f), we see that Mq is contained 
in the image of 

iJ"+^(DRpAr(f/ X A^)) — > //"+^(DRpi+C»c/(f/ x A^)). 

The module rj^i^Ou satisfies the assumption of proposition |10.4| and since 77 is a closed 
relative immersion, we can apply corollary [10. 6| to A/" = rjj^N . □ 



Proof of the C[t] freeness of Mq. Let c be any critical value of / and V^^M be the Malgrange- 
Kashiwara filtration relative to t — c. It is enough to prove that, in a neighbourhood of c, we 
have Mo C V^^f M, because by construction vlf^M has no torsion near c. Let Vj'^^i+Ou) be 
the corresponding Malgrange-Kashiwara filtration on ij^-Ou. 

Lemma 10.7. After restriction to the complement of all critical values 7^ c, we have 

V.M = imagen''{DR^{V.{t+Ou)))-^n^(DR^it+Ou)) 
where n : U x A^ ^ A^ denotes the projection. 



Proof. As indicated in the proof of lemma |10.5| , when we restrict to the complement Wc of all 
critical values different from c, i.e. when we tensorize with C[t, (Yld =ici^ ~ each Va{i+Ou) 
is X'^^^^^^y^-coherent. If V^M denotes the RHS in the lemma, we conclude that each V^M 
is finite over C[t, {Yld^d^ ~ ^'))~^]- The other characteristic properties of the Malgrange- 
Kashiwara filtration are clearly satisfied by V^M, so V.'M = V.M on Wc by uniqueness. □ 

In order to conclude, it is enough to prove that 6{t — /) G v!fi{i+Ou)- This is equivalent, by 
a standard argument, that the roots of the Bernstein for (/ — c)'^ are negative. It is shown in 
(see also [^, Prop. 4.2.1]) that the Bernstein polynomial for (/ — c)* is equal to the 1cm of 
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the local analytic Bernstein poljTiomials of / — c at the critical points of / with critical value 
c. The roots of each of these local Bernstein polynomials are negative [0, so the same is true 
for the global Bernstein polynomial. □ 



11. Duality for the Brieskorn lattice and for the spectrum 



We will adapt the construction of higher residue pairings given by K. Saito ||3^ in the present 
algebraic situation. We will construct in this section an isomorphism G — ^ G which strictly 
shifts the filtration G. by + 1, z.e. Gq — ^ Gn+i- We then deduce from corollary ^]4| the 
following: 

Corollary 11.1. The spectrum at infinity of a cohomologically tame polynomial ofn+1 vari- 

n + 1 

ables is symmetric with respect to . □ 



Proposition shows that it is enough to construct a morphism 

DM — > M 

where M = H^f+Ou and D is the duality functor for C[t]{dt) -modules, such that the kernel 
and the cokernel are free C[t]-modules of finite type, and which strictly shifts by n + 1 the 
microdifferential Brieskorn lattice A^q of /. 

Because f+Ou has cohomology in degrees —n and only we see that Df+Ou has cohomology 
in degrees and n only. Moreover we have H^Df+Ou = DM, and H'^'f+Ou and WDf+Ou = 
DTi'^ fj^Ou are free C[t]-modules of rank one. Hence it is enough to construct a morphism 



:ii.2) Df+Ou ^ /+a 



u 



such that the cohomology of its cone consists only of free C[t]-modules of finite type. 

Let us consider a smooth quasi-projective compactification of /, namely a smooth quasi- 
projective manifold X and a commutative diagram 




with / proper and j open. It will be convenient to assume that D = X — U is a, divisor in X 
and that X dominates the partial compactification X for which / is cohomologically tame. 
Because duality commutes with proper direct image (see e.g. |]19|, |3^, 0), it is enough to 



construct a morphism Dj+Ou — > j+Ou- But we have such a canonical morphism because 
j^Djj^Ou = Ojj. One verifies that such a morphism ( |11.2| ) does not depend on the choice of 
the compactification. 
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By the comparison theorem and the local duality theorem (see e.g. [|T9], th. 4.3.1]) this 
morphism corresponds via the functor ^DR^° to the canonical morphism Rf\^u — > RfJ^u. 
But we know that the cohomology of the cone of this one has constant cohomology sheaves. 
Hence the cohomology of ( |11.2| ) has C[t]-free cohomology modules. □ 

Relation with local duality. Let M = M^"^ = n^J^{Ox[*D]). Let B be an open neigh- 
bourhood of the critical points of / in [/ and A a neighbourhood of the critical values such 
that / : i? ^ A is the local Milnor fibration and let M' = H^f+{0'^) be the local Gauss- 
Manin system of / around its critical points. We have a natural restriction map A1|a ^ 
of PA-Kiodules. Moreover we have a commutative diagram of Poincare duality maps 



DM' 



M' 



where the left vertical map is the adjoint of the right vertical one: this follows from the func- 
toriality of the Poincare duality map as constructed in for instance. 

It is known (see e.g. [^) that the local Poincare duality map DM' M' induces an 
isomorphism DAi'^ — > Ai"^ which sends {DAi"^)o onto Ai"^_^^i if A^'g denotes the formal mi- 
crolocal Brieskorn lattice of / : 5 — > A (in fact, this is true at the level of microlocal lattices). 
So it remains to identify M"^ with A^q in order to get the result, according to proposition |3.9|. 



Identification of the microdifferential Brieskorn lattice. Put C = Oj^[*D] and choose 
an O-^-coherent submodule Cq of C such that T^j^i^o = and that the image of the composed 
map 



n+l 

X 



n+l 
~X 



n+l 
U 



M 



is equal to the one of /^.fi^"^^, namely Mq. Such an Cq exists since Mq is O^i-coherent. 

Let Sj^ be the sheaf of microdifferential operators on T*X (formal or convergent, this will 
not matter now) with its subsheaf Sj^{0). Let Cq = ^^^^(0) Cq. 

Lemma 11.3. The image of the natural morphism 



V 



Alan 



is equal to MCq. 



Proof. This is a direct consequence from the fact that the natural map 



,(0)_ ® 



Qn+l 



(0) 
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induces a quasi- isomorphism after ^kC^ and direct image by /, as follows from P, §4]. □ 

X 

Now is supported on D and on the critical points of /, and the part of the direct image 
coming from D is zero, because / factorizes through X where a non characteristic property is 
assumed along X — U. Hence A^q is indeed the microlocal Brieskorn lattice of / : -B ^ A. □ 

12. The case of a convenient nondegenerate polynomial 
Assume that / : A"'^^ = U ^ is nondegenerate with respect to its Newton polyhedron 



at infinity and that / is convenient (see [12 1). Then it is known that / is tame (see 0). One 
can define the Newton spectrum of / (see , but here we shall consider an increasing Newton 
filtration, so the Newton spectrum considered here is opposite to the one considered in [0]). We 
shall prove 

Theorem 12.1. In this situation, the Newton spectrum of f is equal to the spectrum of the 
Brieskorn lattice of f . 



Remark. This result is analogous to the one of M. Saito (see also [|TT|) for the case of an 
isolated singularity. The proof will be analogous. 

Proof. We shall use the following notation: 

For a n-face a of the Newton polyhedron of / not containing the origin, Lo- will denote the 
linear form with coefficients in such that Lo- = 1 on a. 

For u{x) G C[x], we denote S*{u) = maXj,Lo-(i/ + 1) where u G N"'^^ is the exponent of a 
monomial in u. Moreover S*{u) will denote the maximum over all such a of S*{u). We define 
6 a and 6 in the same way, replacing Lo-(z^ + 1) with L^^u). 

For « G Q we put Mc^Vt'^^'^ = {u-dx\ 5*{u) < a}. This defines an increasing filtration of 
Qn+i^jj-^ by finite dimensional vector spaces with A/'ail"'"'"^ = for a < 0. 

We put AfaGo = image A/'„fi"+^ C Gq. 

We define a filtration AfaG of G: 

AfaG = TVaGo + r7V;+iGo + ■ ■ ■ + r'^AT^+feGo + • ■ ■ 

which is clearly stable under the action of C[r] and satisfies tMqG C J^^_iG. 

Lemma 12.2. The filtration M.G is equal to the Malgrange-Kashiwara filtration V,G. 

Proof. Let us first show that AfaG has finite type over C[r] (over C[T]{Tdr) would be enough). 
It is enough to show that, for a given a, there exists ko such that for A; > /cq we have 

r'Afa^.Go C C[r] ■ {Af^Go + ■■■ + r^'Afa+ufio) • 

Let us fix /cq such that Af^j^f^^Go + G_^ = Gq, let k > ko and let u ■ dx E N^j^j^^^^^iU). By the 
division lemma 0, 2.2.1], we have 

u ■ dx = V ■ dx + df Arj 
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with [v ■ dx] G J^a+ko^o S*{dri) < 5*{udx) — 1. So we have modulo Imcij the equahty 

T^u ■ dx = T^v ■ dx + r'^'^dr] 

and we can argue by decreasing induction on k to get the result. 

Let cr be a codimension one face not containing the origin and put = Lrj{xdx)- Then 
(^o- + L„{1)) iue^''^) ■ dx E d (fi"([/)[r]e^'^'^) for u G C[x], so we have the following relation 
modulo luid in [r]e-^^: 

(12.3) {Tdr + 5l{u))-ue-^Ux = -[i^{u) - 5^{u)u]e'^Ux + T{f - i,{f))ue-^^ dx. 

Moreover, for any such face a' we have 5*; (^cr(w) — 5cj{u)u) < S*,{u) and S*,{{f — C,a{f))u) < 
S*,{u) + 1, and both inequalities are strict if a' = a. We conclude that 

so AfaG is stable under the action of rdr- 

Moreover, by iterating #{o" | S*{u) = 5*(M)}-times relation ( p.2.3|) , one shows that there 
exists NQ{a) with {rdr + a)'^°^°'^J\faGo C Af^^G and by the finiteness result above there exists 
N{a) such that (r9, + a)^^°'^N^G C M^^G. 

Because AfaGo = for a < 0, we have AfaG = rAf^j^^G for a < 0. 

Because the action of dr on Gq is induced by the multiplication by / on f2"+^(f/) and because 
5{f) = 1, we have drAfaGo C Af^+iGo, hence drAfaG C N^j^^G. Moreover for a > we have 
Ma+iG = AfaG + drAfaG: indeed, if ue-^^dx G Afa+iGo, we have (S^r + a)^^'^+^^ue-^^dx G 

X^a+lG, SO 



ue 



'Ux = dr [Tb{Tdr)ue~^^ dx] + 



with V G Af^^^iG and Th{Tdr)ue '^^dx G AfaG and we iterate the process on v to get the 
result. □ 

The spectrum of the Newton filtration is by definition the spectrum of the filtration Af, 
defined by 

Af.{Go/G_,) = AfaGo/iAfaGo n G_,). 

Prom the previous lemma we get AfaGo C VaG fl Go, hence Afa{Go/G_i) C Va{Go/G_i) for all 
a. In order to show that both filtrations (or spectra) coincide, it is enough (by an argument 
of Varchenko, |11]) to show that both spectra are symmetric with respect to (n + l)/2. For V, 
this has been shown in the previous section and for A/ this has been shown in 0, prop. 7.3.3], 
using arguments analogous to the ones in |]TT|. □ 



Remarks. 
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(1) R. Garcia pointed out that the relation between the Newton spectrum and the character- 
istic polynomial of the monodromy at infinity of / that one deduces from the identification 
between the Newton spectrum and the spectrum of the Brieskorn lattice was expected 
ini. 

(2) The order with respect to the Newton filtration of the n + 1-form dx is minimum and is 
obtained only for this form. It follows from |^ that the class of dx in Go/G_i generates 
the vector space {Go/G_{), where a^^^ is the smallest spectral number. This space 

mill 

has thus dimension one. 



13. Hodge theory for the Brieskorn lattice 

We assume in this section that f : U ^ is a cohomologically tame regular function. 
We will use the identification 

Q!e[o,i[ 

and it follows from from |2^, th. 5.3] that this space is equipped with a natural mixed Hodge 
structure isomorphic by |^ to the limit of H"'~^^{U, f~^{t)) for r — > cxd as constructed by 
Steenbrink and Zucker |^ up to a Tate twist. 

Theorem 13.1. 

(1) The weight filtration of this mixed Hodge structure is the monodromy filtration of N 
centered at —n for and at —{n + 1) for 

(2) The Hodge filtration is the filtration induced by G, on ip^'^'^G. 



The proof will be given in § |13.11| . As a consequence of the proof we will obtain in § |13.18 
the positivity of the spectrum: 

Corollary 13.2. The spectral numbers of the Brieskorn lattice are contained in the closed 
interval [0, ri + 1] and if U = A"+^ in the open interval ]0, n + 1[. 

Remark. If U ^ A"+^ it may happen that belongs to the spectrum, as shown by the following 

example: take U = (C*)"^^, / is a Laurent polynomial which Newton polyhedron has dimension 

n+1 and contains in its interior {i.e. f is convenient) and which is nondegenerate with respect 

dxQ dxji 

to its Newton polyhedron. Then the class of the form A • ■ ■ A — - is contained in Gq fl VqG. 

Xq Xji 

From standard results in Hodge theory we have 

Corollary 13.3. The morphism N : ip'^^^G xp'^'^^G strictly shifts by one the filtration in- 
duced by G,. □ 



As a consequence we get from M. Saito's criterion 
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Corollary 13.4. The Brieskorn lattice of a cohomologically tame function has a very good 
basis £ which satisfies S{ei,ej) G C • 9'"-^^ if S denotes the nondegenerate sesquilinear form 
G(^aee-^G^C[9,9-'] of n □ 



On deduces from proposition 4.1 



Corollary 13.5. The Riemann-Hilbert-Birkhoff problem has a solution for the Brieskorn lat- 
tice of a cohomologically tame function. □ 

Let V be any smooth quasi-projective manifold of pure dimension dim V and let F^H^{y, C) 
be the (decreasing) Hodge-Deligne filtration on the cohomology spaces of V . For g G N, let 

XDei(^;9) := (-ir''"^5^(-l)Mimgr^^iJ'=(\/,C) =^(-irdimgr^^/7d'-^-(\/,C) 

k i 

CBei{V;S) := His + dimV - qr^-^''-''^\ 



Remark that if we put XDeii^'^l) = ^^{—ly dimgip^ H^^'^^~^'^{V,C) we have Xdc\(^'j1) 
Xdci(^; dimV- q). For instance, if ^ = A"+\ we have Cdci(^; S) = {S + n+ 



Corollary 13.6. /// is cohomologically tame on U, we have 

SF4G,Go;S) = SF^i^^y.iRf.^^u); S) ■ (ueiiU; S). 

Proof. As / is cohomologically tame we know that W {f^Ojj) are free C[)f:] -modules for j ^ 0, 
so that W{f+Ou) are supported at r = for j ^ 0, and if we put M = liP{f^Ou) we have 

Consequently we have 'SP^{G,Gq] S) = SP ^(Jhp ^Rf^:^u; S), according to the second part of 
theorem |13.1| . 

On the other hand, we get from p9|, cor. 5.4] that the RHS in |13.6| is equal to 

SP^i^<P,Rfj€u;S)-CuAU; S) 

and we are reduced to showing 

SP4V.,iiS^c/;^) = SF^i^<l>,^,Rfj€u;S)-CneiiU;S). 

This follows from the exact sequence in th. 4.3]. □ 

From now on, we will assume that f : A"+^ ^ ^ is a cohomologically tame polynomial. 
From the positivity statement |13.2| it follows that for a very good basis the matrix Ai + kid 
is invertible for all A; G N. From corollary [4.2| we conclude 



Corollary 13.7. The partial Riemann-Hilbert problem for the Brieskorn lattice of f has a 
solution. □ 
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Concerning the Aomoto complex considered in the introduction, the following corollary solves 
conjecture 7.4 in [0]. However, the problem of explicit computation of such a basis remains 
open in general, even in the case of a convenient nondegenerate polynomial. 

Corollary 13.8. If is not a critical value for f : A"+^ A^, there exists a family of /i 
algebraic differential forms on A"'^'^ such that the determinant of the Aomoto complex computed 
in this basis is equal to 

c-{s + ir/SF4G,Go;s + l) 

with ceC*. 

The constant c is equal to the product Yli f{x^^^)^^ where x'-*-' are the critical points of / and 
fii the corresponding Milnor numbers (see |T3[] ). 

Proof. We may replace the differential df of the complex [9^], df) with d'jrU = doj — 

— Au-dtt, hence this complex isomorphic to ds) with s = —dtt and dg = f~^ -d- 

This defines an isomorphism of the Mellin transform of M[t~^] with d^) 
over the automorphism 

C(s)(t,r^) — > C{s){t,t-^) 

(p{s,t) I — > (p{s + l,t). 
The result is then a consequence of proposition [7.4| . □ 

We can restate cor. |13.6| : 
Corollary 13.9. If U = A"'^'^ and f is a cohomologically tame polynomial, we have 

SP(i>{4'i/tR^ f*^ui S) = SP^(G, Go; S). 

Proof. We have 

SF^yy.RfXu; S) = SF^^y.R-fXu; S) ■ SF^i^y JXu; SY''^-" 

and the computation made in [^, rem. 5.5] shows that SF^{ilj^,^fXu'i S) = S + n + 1. We may 



then apply corollary |13.6| . □ 

Consider now the operator of multiplication by / on Gq/OGq = VT^^ /df It sends 

VpiGo/OGo) in Vf^j^^iGolOGo) for each /5 G Q, hence defines a nilpotent endomorphism 

[/] : J]grJ(Go/^Go) ^ J] grJ-+,(Go/^Go) 

(remark however that the multiplication by / is not nilpotent on Gq/OGq in general). Let Too 
be the monodromy of / along a positively oriented circle of big radius. 

Corollary 13.10. The nilpotent part of and [/] have the same Jordan structure. 
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Proof. One may replace with Tq (see th. 1.10]). The result is then proved as in 



(see also |^ § 7]). 



□ 



Remark. We do not get here a precise relation between the nilpotent part of the monodromy 
at infinity and the operator of multiplication by /, as in the case of an isolated singularity. 



13.11. Proof of theorem |13.1| . We take notation of p9| , §§4,5]: let X be a smooth compact- 
ification of U such that X — U is a divisor with normal crossings and f : U — »• extends as 
F : X ^ P^. According to th. 5.3], the first point would follow from the fact that 



u 



if A; < 

^^H^UO^ iffc>0. 



We know that Wk^^H^f^ = (WkTi^Ou^ where WkU^f+Ou is the image of 

where j : U ^ F^^(A^) denotes the inclusion (see p9| , §§2.4.4 and 5]). It is then enough to 
show that the Fourier transform of (f+Ou) /WoTC^ (f+Ou) is supported at r = 0. 

It follows from |^ that {j u,W [dim U].) underlies a mixed Hodge module as well as 
(n%f+Ou),W[dimU].) (if the Hodge filtration of C^; is such that grf = for ^ - dim ?7). 
Hence TiP{f+Ou) has weights > dimt/. 

As a mixed Hodge module we have DCf/ = 0[/(dimf/), hence i\Ou = (Dj+0[/) (— dimf/) 
so i\Ou has weights < dimf/ as well as 7i^f\Ou- 

Consequently the morphism HP{f\Ou) H^^f+Ou) factorizes through [dim [7]^;^^^^ = 
WoTC^{f+Ou) and as the cokernel of this map is isomorphic to a power of C[t] (tameness of /), 
the same is true for n%f+Ou)/Won%f+Ou). □ 

Remark 13.12. This argument can be used to show remark |8l^ (2): the image of liP{f\Ou) — >■ 
H^lf^Oif) is a pure Hodge module. 

For the second point, recall that M = lHPp+{Kj^8^^f) (see loc. cit.). Let G,Kj^8~^^ be the 
filtration defined and used in [^, §4]. It defines a filtration G.pj^{K+£^'^^) of the complex 
pj^{ii+£^'^^), hence a filtration 

G',M = G'jfp+{K+£-^f) = image [H'' {G.P+{k+£-^^)) 7fp+{K+£-^f)\ . 

It also defines a filtration G,il)^"'^n+£~'^^ using the V-filtration (see loc. cit.), and as above it 
defines a filtration 

G",7fp+{i)'^'"^K+£-^f) = image (G.p+(^/'r'^K+^-"0) ^ H°p+(V'r'*«+^""^ 
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As we have n^p+{tp'^°'^ii+S-^f) = tp^^'^H^p+iK+S-^^) = ip^^'^M = ^^""^G, we get two fil- 
trations on iIj^°'^G: the filtration G'lip^'^'^G is the one used in [|^, th. 5.3] and the filtration 
G'^ip'^'^^G which is naturally induced from G',M. 

Last, we denote G, the filtration obtained from the Brieskorn lattice Go and G,il!^°'^G the 
filtration it induces naturally, related to the spectrum of the Brieskorn lattice. 

We want to show that G'.V^"^^ = G.ip^°'^G, in order to apply p|, th. 5.3]. 



Lemma 13.13. We have an inclusion C G.^/'^^^'^G. 

Proof. We can filter the complex (fi^+"+^[*(L)UF-i(cx)))](g)cC[r], c/-rd/) either by the filtration 
counting the total pole order plus the degree in r, and after taking the global sections on X one 
obtains G',M, or by the filtration by the degree in r only and one obtains the filtration of M 
by the = X]j=o ''""'^o- Clearly the inclusion is true at the level of complexes, so it remains 
true at the cohomology level, hence G'.M C M. and G',ip'f°'^M C M,ip'^°'^M. 

On the other hand consider G = M[r~^]. Then Gk is defined as X]^>o''"~^ (imageMfc), so the 
isomorphism ip'^^'^M %l)'^'"^G sends M.^j'^^'^M in G.?/^^°'^G. □ 

Lemma 13.14. We have G'^ip'^^^'^G C G'>™°'^G. 
Proof. We will use the following 

Proposition 13.15 (|21|, th. 4.8.1]). Let Ai be a holonomic 'Dx[T]{dj-) -module and let V,Ai be 

the Malgrange-Kashiwara filtration of Ai relative to t = 0. Then for all i and all a we have a 
commutative diagram: 



Wp+ gil M = gil Wp+M 
where all the maps are onto. □ 

Then on the one hand we have 

G'.'gr^G := im^gen'G.p^gil{K+£-^f)^H'p+gil{K^£-^f) 
and we will show below that 

(13.16) n'^G.p+V^^K+E-^f) ^n^G.p+gil{K+£~^f) is onto 

so 

G'i gr^ G = image n''G.p+V^{K+£-^f) ^ 7fp+ gil{K+£-^f). 
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But on the other hand the image of TC^G.p+Va{K+S '^^) in H^P+{k^£ '^^) is contained in 
G',n°p+{K+S~^f) n V^n'^p+{K+S~^f), hence we eventually get G'.'gr^G C G'.gr^G for all 
a e [0,1[. 

Let us show ( |13.16|) . The computation of {gr^ k+S"'^^ ,G,) made in §4] shows that 
for a < 1, the isomorphism r : gr^ K+i^^^-^ —>■ gT^_i n^S^'^-^ sends G, onto G.+i- From the 
Hodge property the complex G.p+ gr^^i^K+S''^-^) is strict for any a G [0,1], hence, using this 
isomorphism, it is strict for any a < 1. In particular we get that for any a < 1, 

(13.17) n^G.p+gil{K+£-^f) = for A; > 0. 

On the other hand, ( |13.16|) would follow from the fact that lH}G,p+Va{i^+£^^^) = for 
any a < 1, and using ( |13.17|) it is enough to verify this for a ^ 0. So let us fix p G Z and 
consider li}Gpp+Va{i^+£~^^)- For a fixed /c, we have Gk{i^+£~^^) H Va{i^+£~^^) = for a 
sufficiently small (see the definition of these filtrations in loc. cit.), so for a fixed p we have 
GpP+Vo,{K+S-^f) = for a < 0. □ 

We hence have G, gr^ G D G".' gr^ G and it is enough to prove that equality holds in order 
to get the second part of the theorem. This is done as in ^7], § 6] using the symmetry of the 
spectrum of {G, Go) on the one hand and the Hodge symmetry and the fact that the weight 
filtration is the one computed above on the other hand. □ 



13.18. Proof of corollary |13.2| . By definition, the filtration G.k^£ ^-^ satisfies Gk = for 

^S~'^-^) considered above satisfies the same 



mod / 



k < 0. It follows that the filtration G'^i>. 
property and that the filtration that it induces on PDR'^°^/'™°*^(/t4.£^~'^-^) by the formula (5.2) of 



29| also. Hence G'ljp^'^'^G = for /c < 0, so by the previous theorem we have Gkip^°'^G = for 
k < 0. This implies in particular that z/^_,_^ = for a G [0, 1[ and < 0, so z/^ = for /5 < 0. 



Using the symmetry of the spectrum |11.1| one obtains the result 

,n+l 



If u 



then G = M and Gn = Mr,. Lemmas 113.131 and 113.141 also hold for 



we can conclude that i^^+k = for a G [0, 1] and A; < 0, so 1^/3 = for /3 < 0. 



^mod^ and 
□ 
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